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Abstract. In this paper, we propose a theory for deriving the optimal portfolio that assures the logutility investors of maximizing their expected utility. Restricting investors’ information at defined
levels, we propose the sample path-wise optimal portfolio (SPOP), which is consistent with the backtest framework used in actual investment. It is proven that, at any finite terminal time, this SPOP is
asymptotically optimal among all the portfolios which are predictable under investors’ incomplete
information. The optimality is guaranteed by the continuous Bayesian updating formula. Finally, we
discuss an algorithm for searching the SPOP, based on asset prices at discrete time intervals.
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1. Introduction
Modern portfolio theories have been developed with models which maximize the
expected value of von Neumann–Morgenstern utility. The log-utility we are to
treat in this paper can be used for reinvesting investors’ wealth, and financial
literature has shown its important properties. One of those properties is that the
degree of Arrow–Pratt’s relative risk aversion is one. The optimal portfolio policy
for log-utility investors is constant through their i.i.d. investment horizons [1, 27].
Nevertheless, several authors have paid attention to the problem of how to apply
these portfolio theories in the practical market where only incomplete information
can be obtained. In the past, there were two approaches to treat this problem. In
the first approach, the continuous estimation problem for the asset price process
is considered [9, 7, 11, 8, 18, 10, 22–24, 19]. In the analyses by [9, 7, 11, 8,
10, 24], the same continuous Bayesian updating scheme of Liptser–Shiryayev is
employed [25]. Then, by using different techniques, the optimal portfolio under
incomplete information is derived. The second approach for deriving optimal portfolios is different from the first one in that the estimation of asset distribution and
the portfolio optimization are jointly executed. Recently, several authors proposed
this scheme, called universal portfolios. Given the information of observed asset
prices alone, the universal portfolio converges to the portfolio which maximizes
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the expected log-utility. In this area, Cover pioneered the universal portfolio and
got an asymptotic result on a general discrete time series [4]. Cover–Ordentlich
extended that result with side information taken into consideration [5]. Jamshidian
also showed the same results in a continuous time framework [16]. Shirakawa–
Ishijima extended the result into the finite time framework and showed that it
provides better expected log-utility compared to the portfolio using the estimated
mean and covariance from the past [28].
Our motivation is quite similar to these two approaches, and our treatment resembles the latter. However, our approach to treat this problem is different in that
we have built a theoretical framework directly applicable to actual investments.
Practically, when investors decide their portfolio positions for the next investment
period t + 1, they carry out a so-called back-test from past observations of asset
returns. That is, any joint observation of asset returns, in each period from t −L+1
to t, is presumed to be uniformly distributed with probability 1/L occurring in
period t + 1 [12–15]. Then, investors adopt the portfolio which maximizes the
expected value of their utility using the above probability distribution. Our question
is whether this portfolio is really the most optimal of all the portfolios which are
predictable for the available information set. The objective of this paper is to find
the answer to this question, i.e., to show the optimality which assures log-utility
investors of maximizing their expected utility at any finite terminal time.
The paper is organized as follows. In Section 2, the continuous model of the
asset price process is defined. After defining the incomplete information given to
investors, we address the expected utility maximization problem, whose expectation is considered in the sequence of probability measure P (k) . In Section 3, we
propose a portfolio, called the SPOP, which maximizes the sample path-wise value
of the constant portfolio. Then in Section 4, the asymptotic optimality of the SPOP
at any finite terminal time, among all the portfolios which are predictable for the
incomplete information, is proved by introducing the optimal portfolio based on
the continuous Bayesian updating formula (referred to as the CBOP) of Liptser–
Shiryayev [25]. Finally, in Section 5, we discuss an algorithm to search for the
SPOP.
2. The Model
We consider a security market model with n assets whose prices Sit (i = 1 . . . , n)
follow geometric Brownian motion:
X
dSit
= µi dt +
σij dWj t
Sit
j =1
n

(i = 1, . . . , n) ,

(1)

or (diag(S t ))−1 dS t = µdt + 6dWt ,
where S 0 is constant, diag(S t ) is a diagonal matrix whose element is S t , and
6 = (σij )16 i,j 6 n is a constant diffusion parameter. Here, Wt = (W1t , . . . , Wnt )0
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denotes an n-dimensional standard Brownian motion on the filtered probability
space (W , {FW,t ; t > 0}, η), where FW,t is generated by σ ({Wu ; 0 6 u 6 t}). On
the other hand, µ = (µ1 , . . . , µn )0 is a random vector on (µ , Fµ , ν (k) ) such that
(k)
induced measure ν (k) ◦µ−1 by µ is a multivariate normal distribution N(m(k)
0 , 00 )
for each k ∈ Z. Then, we can construct a sequence of the filtered probability space
set {(, {Ft ; t > 0}, P (k) ); k > 1} such that  = µ × W , Ft = Fµ ⊗ FW,t
and P (k) = ν (k) ⊗ η. Now, we consider the investors with the following class of
information which is reasonable for the practical market environment.
INFORMATION 1 Incomplete information: Investors asymptotically have no
prior distribution information on the drift parameter µ. That is, we consider the
limit of probability measure sequence P (k), such that each prior distribution in(k) 4
duced by µ follows N(m(k)
0 , 0 0 ) = N(m0 , k0 0 ) for each k > 1, where m0 and
0 0 are the given constant vector and covariance matrix. Moreover, they are only
provided with the information Gt ⊂ Ft generated by a realized asset price process
of Equation (1):
4

Gt = σ (S u ; 0 6 u 6 t) .

(2)

Remark 1. The information Gt is enough to derive 66 0 exactly, since the Doob–
Meyer decomposition of the quadratic process (dS t /S t )(dS t /S t )0 yields the finite
process 66 0 t.
Remark 2. It is well known that if µ follows the multivariate normal distribution
N(m, 0) with the density


1
1
4
0 −1
φ(x) = √ n
exp − (x − m) 0 (x − m) ,
1
2
2π |0| 2
its differential entropy h(µ) [Th.9.4.1, 3] is given by
Z
1
4
h(µ) = − φ(x) log φ(x)dx = log(2π e)n |0| .
2
Then, we can guarantee that the differential entropy of the prior distribution for µ
n
is asymptotically infinite, since 1/2 log(2π e)n |0 (k)
0 | = k/2 log(2π e) |0 0 | → ∞
as k → ∞.
We assume that the investors’ utility is expressed as the log-utility function
u (x) = log x (x > 0) .
Then, investors having the log-utility continuously select the optimal portfolios
within all of the Gt -predictable portfolios. In addition, the portfolio selection is
made within the following feasible region D:
D = {b ∈ Rn | Ab 6 c,

b0 1 = 1,

b > 0} ,

(3)
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where A ∈ Rl×n and c ∈ Rl . The instantaneous return of the portfolio value process
is given by
dVt (b• )
= b0t (diag(S t ))−1 dS t .
Vt
Without loss of generality, we assume that the investor’s initial wealth is V0 = 1.
Then, we can easily check that the portfolio value at terminal time T is given by


Z T
Z
1 T 0
0
0
−1
VT (b• ) = exp −
b 66 bu du +
bu (diag(S u )) dS u .
2 0 u
0

(4)

The problem we are to treat in this paper emerges, because, under weak Information 1, we cannot observe the realization of µ. The terminal expected log-utility
maximization problem we treat is
maximize limk→∞ E (k) [u( VT (b• ) )]
b•

P1 subject to bt ∈ D ,
bt is Gt −predictable process ,
where E (k) [·] is the expectation under the probability measure P (k) and 1 is a vector
of ones. In the following discussion, we propose a scheme of how to derive the
optimal portfolio for P1 within the Gt -predictable portfolios.

3. The Asymptotic Optimality of the Sample Path-Wise Optimal Portfolio
In this section, we first sketch the framework of the back-test which is frequently
employed in the actual investment. Divide [0, t] into N intervals [ti , ti+1 ) (0 6 i 6
4 i
N − 1) such that ti = t = i1, and the price differences at each interval are given
N
by 1S ti = S ti+1 − S ti . The back-test framework assumes that the next increment
(diag(S))−1 1S during [t, t + 1] is uniformly distributed on the historical data
under the investor’s subjective probability distribution Q;
EQ [(diag(S))−1 · 1S|Gt ] '

N−1
1 X
(diag(S ti ) · 1S ti ) .
N i=0

Then, we can easily see that


 
N


−1
Vt +1 (b• )
1 X
EQ log
log 1 + b0t diag S ti−1
· 1S ti . (5)
Gt ∼
=
Vt (b• )
N i=1

THE OPTIMAL LOG-UTILITY ASSET MANAGEMENT

149

If we maximize the left-hand side of (5) continuously, we can optimize P1 for the
subjective probability measure Q. From Ito’s lemma, if we take the limit N → ∞,
N
X


1
log 1 + b0t (diag (S i ))−1 · 1S i → − b0t 66 0 bt t +
2
i=1
Z t
+
b0t (diag (S u ))−1 · dS u , P (k)-a.s.
0

Then, the back-test framework of the portfolio optimization results in the following
parametric problem with respect to t:

P1 (t)




maximize Vt (b) = exp b0 µ − 12 b0 66 0 b t + b0 6Wt
b

subject to b ∈ D .

Here, note that P1 (t) is equivalent to the following problem,
minimize
P2 (t)

b

1 0
b 66 0 b
2

− b0 µ̃t

subject to b ∈ D ,

where
4

µ̃t = µ + 1/t6W t
Z
1 t
=
(diag(S u ))−1 dS u .
t 0

(6)

This problem is well defined under Information 1. Hereafter, we will call the optimal solution b∗t of P2 (t) based on the back-test framework the sample path-wise
optimal portfolio (SPOP). Also, note that the SPOP is Gt -predictable, since it seeks
the constant portfolio which maximizes the sample path-wise portfolio value at
time t according to one sample path {S u ; 0 6 u 6 t}.
Next, we shall prove the asymptotic optimality of the SPOP among all the
Gt -predictable portfolios, using the continuous Bayesian updating scheme. The
portfolio selection problem under incomplete information, which is quite similar
to our model, has been considered by several authors [9, 7, 11, 8, 10, 24]. Let
us consider the portfolio learning scheme of Gennotte [11], based on the continuous Bayesian updating formula of Liptser–Shiryayev [25]. We suppose that
the investors only have Information 1. Then, as we described in Remark 1, they
know the diffusion parameter 66 0 exactly, but do not know the Fµ -measurable
drift parameter µ. Hereafter, as noted in Remark 2, we will consider the sequence of probability measures {P (k), k ∈ Z} on the filtered probability space
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({Ft ; t > 0}, ), where the prior distribution for µ follows ν (k) . Utilizing the
information Gt , the investors estimate µ as follows:


4
m(k)
= E (k) µ | Gt ,
t



0
(k) 4
(k)
(k)
(k)
0t = E
Gt ,
µ − mt
µ − mt
where E (k) [·] denotes the expectation under P (k), m(k)
t is the estimation for µ, and
0 (k)
is
its
estimation
error.
Using
infinitesimal
observations
dS t , we can improve
t
the estimation by the continuous Bayesian updating formula of [25]
the
 4to obtain

(k)
4
(k)
improvement dm(k)
G
|µ|
<
∞.
.
By
assumption,
we
have
E
[|µ|
]
=
E
0
t
According to Theorem 12.8 in [25], the estimation of µ conditioned on Gt is given
by
(k)

mt

=

h


=

(k)

I + 00

66 0

i
−1 i−1 h (k)
−1 R t
(k)
−1
t
· m0 + 0 0 66 0
))
dS
(diag(S
u
u
0

−1
1 −1
0 0 + 66 0
t
k

−1 

Z
−1 t
1 −1
0 0 m0 + 66 0
·
(diag(S u ))−1 dS u ,
k
0

(7)

where I is an identity matrix. Since we aim to analyze the infinite differential
entropy case, we should take the limit k → ∞. Then, the estimator m(k)
t converges
to
Z
1 t
(k)
lim mt =
(8)
(diag(S u ))−1 dS u = µ̃t , P -a.s. ,
k→∞
t 0
where µ̃t is given by Equation (6). Next transform Equation (1) into entirely
observable s.d.e. :
(k)
(diag(S t ))−1 dS t = m(k)
t dt + 6dW̃t ,

where
4

−1
W̃(k)
t =6

Z

t

(diag(S u ))−1 dS u −

0

Z

t

(9)


Z t
−1
m(k)
du
=
6
(µ − m(k)
u
u )du + Wt .

0

0

Then, W̃(k)
t is Gt -measurable, and


Z t
h
i
(k)
(k)
(k)
(k)
−1
(k)
E
6
W̃t − W̃s Gs = E
(µ − mu )du Gs = 0 .
D

Furthermore, W̃(k)

s

E
t

= hWit = t. Hence, W̃(k)
t is Gt standard Brownian motion

owing to Lévy’s theorem under the probability measure P (k) . Then, the portfolio
value at terminal time T , using the Gt -predictable drift m(k)
t and portfolios b• , is
given by
h

i
RT
RT
(k)
(k)
VT (b• ) = exp − 12 0 b0u 66 0 bu du + 0 b0u mu du + 6dW̃u
, k > 1.

(10)
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The problem P1 without convex constraints for the portfolio weights is explicitly solved by Lakner [23, 24]. In Lakner’s approach, filtering techniques are
introduced to treat P1 , i.e., the optional projection of the Radon–Nikodym derivative to Gt is considered and an explicit solution of P1 is derived. Also, in the
complete market with complete information Ft , explicit solutions without convex
constraints are obtained in [17] and with convex constraints in [6]. Recently, under
incomplete information, explicit solutions were also obtained in [19], using both
martingale and partial differential equation methodologies. Here, we emphasize
that the optimal solution of P1 can be also obtained by the SPOP under Information 1. The advantage of the SPOP is that the optimal portfolio under incomplete
information can be obtained by just maximizing the sample path-wise value. Then,
it can be directly applicable in actual investments. Let b∗(k)
be the optimal portfolio
t
under P (k) for the problem P1 , which is based on the continuous Bayesian formula
(referred to as the CBOP). In the following theorem, we prove the optimality of
CBOP b∗(k)
and SPOP b∗t among all the Gt -predictable portfolios .
t
THEOREM 1 (Optimality of b∗t ) Under Information 1 and with the observable
s.d.e. (9), the asymptotic optimal portfolio is given by the SPOP, b∗• , for any finite
terminal time T . That is
({∀Gt -predictable bt ∈ D; 0 6 t 6 T })(E (k) [u(VT (b• ))] 6 E (k) [u(VT (b∗(k)
• ))]) ,
and
lim E (k) [u(VT (b∗• ))] = lim E (k) [u(VT (b∗(k)
• ))] .

k→∞

k→∞

Proof. Using (10), we have
4

J = E (k) [u(VT (b• ))]

Z T 
Z

1 T 0
0
0
(k)
(k)
(k)
= E
−
.
b 66 bu du +
bu mu du + 6dW̃u
2 0 u
0
RT
Here, we note that bu ∈ D and D is compact. Hence, 0 b0u 6dW̃(k)
u is martingale

R
(k)
(k) T 0
(k)
under , {Gt }t ≥0 , P , which guarantees E [ 0 bu 6dW̃u ] = 0. Then,


Z T
1 0
0
(k)
0
(k)
J =
− bu 66 bu + bu mu du .
E
2
0
Thus, to maximize J , one needs only to find the optimal portfolio b∗(k)
that maxu
0
0
∗(k)
0
(k)
imizes −1/2b u 66 bu + bu mu for each u. Then, bt is the optimal solution for
P2 (t), where m(k)
is substituted for µ̃t . Furthermore, since m(k)
→ µ̃t from (8),
t
t
∗(k)
∗
bt converges to bt with probability one. Therefore,
lim E (k) [u( VT (b∗• ) )] − E (k) [u( VT (b∗(k)
• ) )] = 0 .

k→∞

2
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This result asserts that the CBOP, b∗(k)
, maximizes the expected log-utility under
t
∗(k)
(k)
P , and bt converges to the SPOP, b∗t , asymptotically.
4. An Algorithm for the SPOP at Discrete Time Intervals
Since the continuous model enables us to guarantee the asymptotic optimality of
the SPOP, we then focus on the algorithm for searching the SPOP in discrete time.
The difficulty here is that since asset prices in practical markets are observed only
once in a discrete time interval, the maximal expected concave utility portfolio cannot be directly obtained from these observations, and we cannot make assumptions
on asset prices other than as to their nonnegativity. To address these limitations, we
utilize the results in the continuous model and derive the algorithm for the SPOP.
Again, we assume that n assets exist in the market, and that the price-relative
0
vector of assets is X t = X1,t , . . . , Xn,t . It is assumed that the prices of each
security Si,t are observed on the market in discrete time t = 0, 1, . . . , and so its
Si,t
price relatives Xi,t = Si,t−1
.
According to the continuous theory discussed in an earlier section, if the investor has the log-utility, the optimal portfolio is the SPOP at any finite terminal
time. Hence, at any time t > 0, the log-utility investor’s optimal policy is stated as
Q
Q
maximize Vt (b) = tu=1 (1 + b0 (Xu − 1)) = tu=1 b0 Xu
b
P3
subject to b ∈ D .
This is equivalent to the following problem:
P
maximize 1t tu=1 log b0 X u
0
b
P3
subject to b ∈ D .
P
Hereafter, we abbreviate the operation 1t tu=1 to E.
The algorithm for searching for the optimal solution of P03 , without the constraint Ab 6 c, is given by Cover [2]. His algorithm is simply written as follows:
at some feasible
point
b(k) , the next new point b(k+1) is given by b(k+1) =


diag(b(k) )E (k)X0
. For this algorithm, the monotonic improvement of the obb X
jective and its convergence to the optimal
 solution
 satisfying the KKT condition
[20, 21] are guaranteed. Noting that E (k)X0
is the gradient vector of the obb X
jective function in P03 , this algorithm can be viewed as a special type of gradient
projection method. To treat P03 with the constraint Ab 6 c, we can employ the
gradient projection method if we are to extend Cover’s algorithm using the steepest ascent direction, i.e., the gradient itself. In the gradient projection method, the
4
gradient is projected onto M ={x ∈ Rq | Aq x = 0}, where Aq ∈ Rq×n is composed
of rows of active constraints in A. Then, we are able to make new points iteratively

THE OPTIMAL LOG-UTILITY ASSET MANAGEMENT

153

by making use of the projected gradient until the new point satisfies the KKT condition. For further details about this method, including its monotonic improvement
of the objective and its convergence, refer to [26].
5. Conclusion
In this paper, we have shown that the log-utility maximization portfolio under incomplete information can be obtained with the SPOP, either in theory or by using
the algorithm. First, we showed that the SPOP means the back-test framework of
continuous portfolio selection under incomplete information. We also verified the
asymptotic optimality of the SPOP by proposing the CBOP, under the prior distribution for µ with infinite differential entropy. The question regarding the validity
of this SPOP in the general security market has been left for future theoretical
analysis.
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